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Abstract
It is well-known that the Fibonacci numbers have a maximum property with respect to the length of
the regular continued fraction expansion (or, equivalently, of the Euclidean algorithm). But it seems
to be scarcely known that they also have a minimum property relative to the sum of the digits of this
expansion. We discuss both properties and their interrelation here.
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1. Introduction
The Fibonacci sequence is recursively deﬁned by
F0 = 0, F1 = 1, Fk = Fk−1 + Fk−2, k2.
It has remarkable properties with respect to the expansion of m/n, m, n ∈ Z, n1, into a
regular continued fraction
m/n = [q1, . . . , ql] = q1 + 1||q2 +
1|
|q3 + · · · +
1|
|ql ; (1)
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“regular”means thatq1, . . . , ql are integers,q2, . . . , ql−11,ql2 (see [4, p. 3]).Thedigits
q1, . . . , ql of this expansion are nothing but the quotients that occur when the Euclidean
algorithm is applied to m and n in its usual form, i.e., with nonnegative remainders.
In this setting put
(m, n) = l and (m, n) = q1 + · · · + ql ,
so (m, n) is the length of the expansion (1) and (m, n) is the sum of its digits. It has
been known for more than 160 years that (Fk)k0 has a maximum property with respect
to (m, n) (see [6]). Accordingly, this property can be found in a number of textbooks,
for instance in [1, p. 360], [2, p. 204f], [5, p. 17f]. In contrast with this fact, the minimum
property of (Fk)k0 with respect to (m, n) seems to be scarcely known, at least in its sharp
form (see Section 3). Therefore, we ﬁnd it worthwhile discussing both properties (and their
interrelation) here.
2. The maximum property
Themaximumproperty is based on the following proposition, which is basically identical
with Theorem F in [1, p. 360]:
Proposition 1. Let l1 be given and suppose that the integers 1m<n are such that
(m, n) = l. Then mFl , nFl+1. Moreover, (Fl, Fl+1) = l.
The proof of Proposition 1 uses the convergents
sk/tk, k = 1, . . . , l,
of m/n. The respective numbers are deﬁned by s0 = 1, s1 = q1, t0 = 0, t1 = 1, and
sk = qksk−1 + sk−2, tk = qktk−1 + tk−2
for k2. Our assumptions about m, n imply l2 and s1 = 0 = F0, s2 = 1 = F1. Further,
induction shows sksk−1 + sk−2Fk−2 +Fk−3 =Fk−1 for 3k l − 1. Finally, we have
slFl if l = 2 and, because ql2, sl2Fl−2 + Fl−3 = Fl if l3. In the same way one
proves tlFl+1. Since slm, tln, the proposition readily follows.
The maximum property is given in Theorem 1, which is a slightly sharper form of Corol-
lary L [1, p. 360]. Theorem 1 follows from Proposition 1 – but not in a quite immediate way.
The proof, however, is rather analogous to that of Theorem 2, which will be given below;
so it can be omitted.
Theorem 1. Let N be a positive integer and
L = log(√5N)/ log  (2)
with  = (1 + √5)/2. Then
max{(m, n); 1m, nN} =
{
L if N = Fk for an even number k,
L − 1 otherwise.
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In the ﬁrst case, k = L + 1 and the maximum is taken for m = FL, n = FL+1 = N . In the
second case, FLN and the maximum is taken for m = FL−1, n = FL.
3. The minimum property
In the case of the minimum property the role of Proposition 1 is played by
Proposition 2. Let s ∈ Z, s1. Suppose the positive integersm<n are such that (m, n)=1
and (m, n) = s. Then nFs+1. Moreover, (Fs, Fs+1) = s.
Proof. We have m/n = [0, q2, . . . , ql] with q2 + · · · + ql = s. Suppose there is an index
k2 such that qk > 1. Put
m′/n′ = [0, q2, . . . , qk−1, 1, qk − 1, qk+1, . . . , ql],
(m′, n′) = 1. We show n′n. Let s′1/t ′1, . . . , s′l+1/t ′l+1 be the sequence of convergents of
m′/n′ (all fractions reduced). Then t ′k−1 = tk−1, t ′k = tk−1 + tk−2 tk−1, and qk − 11.
Therefore
t ′k+1 = (qk − 1)t ′k + t ′k−1 = (qk − 1)(tk−1 + tk−2) + tk−1qktk−1 + tk−2 = tk .
In the case k = l we conclude t ′l+1 = n′n. This is also true if k < l. In order to see this we
write
m/n = [0, q2, . . . , qk, x/y],
where the reduced fraction x/y = [qk+1, . . . , ql] is the kth complete quotient of m/n (see
[4, p. 4]; observe that x, y are natural numbers). But x/y is also the (k + 1)th complete
quotient of m′/n′. Now
m′
n′
= xs
′
k+1 + ys′k
xt ′k+1 + yt ′k
(3)
see [4, p. 4]. Since the integral matrix
(
s′k+1 s′k
t ′k+1 t ′k
)
has determinant ±1 and x/y is reduced, the fraction on the right-hand side of (3) must also
be reduced. This shows n′ = xt ′k+1 + yt ′kxtk + ytk−1 = n.
If m′/n′ has a digit > 1 again, we repeat the above procedure, and so on. The sum of the
digits equals s for each fraction arising in this way, and the respective denominators do not
decrease. Finally, we arrive at
m′′/n′′ = [0, 1, 1, . . . , 1]
with n′′n and exactly s digits equal to 1. Now m′′ = Fs , n′′ = Fs+1n. 
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Theorem 2. Let N be a positive integer and L as in (2). Then
min{(m, n);m1, nN, (m, n) = 1} =
{
L − 1 if N = Fk for an odd k,
L otherwise. (4)
In the ﬁrst case k = L and the minimum is taken for m = FL−1, n = FL = N . In the second
case FL+1N and the minimum is taken for m = FL, n = FL+1.
Proof of Theorem 2. We use the formula
Fk = (k − ′k)/
√
5, k = 0, 1, 2, . . . (5)
with  = (1 + √5)/2 as in (2) and ′ = (1 − √5)/2< 0 (see [4, p. 13]). Furthermore,
|′k/√5|< 1 for all k1. Observe, in addition, L1, so the Fibonacci numbers occurring
in the theorem are well-deﬁned. For the determination of the minimum on the left-hand side
of (4) it sufﬁces to consider numbers m<n, since otherwise we have
(m, n) = q1 + · · · + ql > q2 + · · · + ql = (m′, n),
where m = q1n + m′, m′ <n.
Suppose, ﬁrst, that N is not a Fibonacci number. We show
FL <NFL+1. (6)
Assume (6) for the time being. If the numbers m<n, (m, n)= 1 are such that (m, n)<L,
i.e., (m, n)L− 1, Proposition 2 shows nFL <N . Accordingly, the minimum in ques-
tion must be L. However, (m, n) = L for m = FL, n = FL+1N . This gives the
assertion of the theorem.As regards (6), we have L log(√5N)/ log , hence L/√5N .
Now |′L/√5|< 1 and, by (5), FL <N + 1, so FLN . But FL is not a Fibonacci number,
which yields FL <N . On the other hand, L+1 log(
√
5N)/ log , whence L+1/
√
5N ,
FL+1 > L/
√
5 − 1N − 1 and FL+1N follow (in fact, FL+1 >N since N is not
Fibonacci).
Now let N = Fk for an even number k (which must be 2, since N > 0). We show
k = L + 1, so FL <N = FL+1. Then the assertion follows as in the foregoing case (recall
(6)) . Since k is even, −′k/√5< 0 and N =Fk < k/
√
5. This means k > log(
√
5N)/ log 
and, accordingly, kL+1. If, however, k >L+1,we have k−1L+1 log(√5N)/ log 
and k−1/
√
5N . But k − 1 is odd, so −′k−1/√5> 0 and, therefore, Fk−1 >N = Fk ,
which is impossible.
Finally, let N = Fk for an odd number k. We show k = L, hence FL−1 <N = FL. This,
again, yields the respective assertion of the theorem.The proof of the desired identity follows
a pattern similar to that of the second case: Using −′k/√5> 0 one shows kL and then
disproves k <L by means of the contradiction Fk+1 < k+1/
√
5N = Fk . 
Remarks. 1. Observe that the condition (m, n)= 1 on the left-hand side of (4) is essential,
since otherwise the minimum is 1 = (N,N).
2. For a good survey about the early history of the maximum property see [6].
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3. A weak form of the minimum property can be found in the literature, namely, the
estimate
(m, n) log n
for m, n1, (m, n) = 1 (see [3]).
4. There is an intuitive bridge between the two properties in question: If the length of
the continued fraction of m/n grows while m, n do not change very much, its digits must
become smaller – but this does not automatically imply that the sum of the digits also de-
creases. Therefore, we cannot see how theminimumproperty (represented by Proposition 2)
could easily be deduced from the maximum property (i.e., Proposition 1). Maybe this is
an explanation for the fact that the latter is well-known while the former is not, though the
numerical values of the maximum and the minimum are remarkably close together.
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